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1. Introduction 


The notion of neutrosophic set (NS) theory developed by Smarandache (see [1,2]) is a more general 
platform that extends the concepts of classic and fuzzy sets, intuitionistic fuzzy sets, and interval-valued 
(intuitionistic) fuzzy sets and that is applied to various parts: pattern recognition, medical diagnosis, 
decision-making problems, and so on (see [3-6]). Smarandache [2] mentioned that a cloud is a NS 
because its borders are ambiguous and because each element (water drop) belongs with a neutrosophic 
probability to the set (e.g., there are types of separated water drops around a compact mass of water 
drops, such that we do not know how to consider them: in or out of the cloud). Additionally, we are 
not sure where the cloud ends nor where it begins, and neither whether some elements are or are not 
in the set. This is why the percentage of indeterminacy is required and the neutrosophic probability 
(using subsets—not numbers—as components) should be used for better modeling: it is a more organic, 
smooth, and particularly accurate estimation. Indeterminacy is the zone of ignorance of a proposition’s 
value, between truth and falsehood. 

Algebraic structures play an important role in mathematics with wide-ranging applications in 
several disciplines such as coding theory, information sciences, computer sciences, control engineering, 
theoretical physics, and so on. NS theory is also applied to several algebraic structures. In particular, 
Jun et al. applied it to BCK/ BCI-algebras (see [7—12]). Jun et al. [8] introduced the notions of energetic 
subsets, right vanished subsets, right stable subsets, and (anti-)permeable values in BCK/ BCI-algebras 
and investigated relations between these sets. 

In this paper, we introduce the notions of neutrosophic permeable S-values, neutrosophic 
permeable JI-values, (€, €)-neutrosophic ideals, neutrosophic anti-permeable S-values, 
and neutrosophic anti-permeable I-values, which are motivated by the idea of subalgebras 
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(i.e., S-values) and ideals (i.e., -values), and investigate their properties. We consider characterizations 
of (€, €)-neutrosophic ideals. We discuss conditions for the lower (upper) neutrosophic €-subsets to 
be S- and I-energetic. We provide conditions for a triple («, B, y) of numbers to be a neutrosophic 
(anti-)permeable S- or I-value. We consider conditions for the upper (lower) neutrosophic €@-subsets to 
be right stable (right vanished) subsets. We establish relations between neutrosophic (anti-)permeable 
S- and I-values. 


2. Preliminaries 

An algebra (X; *,0) of type (2,0) is called a BCI-algebra if it satisfies the following conditions: 
(1) (Vx,y,z € X) (((x*y) * (x *2)) * (ZY) = 0); 
(I) (Vx,y € X) ((x* (x*y)) xy =0); 


( 
(MI) (Vx € X) (x*x =0); 
UV) Wave) Sey aebyecae0 S 2S), 


If a BCI-algebra X satisfies the following identity: 
(V) (Vx € X)(0*x=0), 
then X is called a BCK-algebra. Any BCK/BCI-algebra X satisfies the following conditions: 


(Vx € X)(xx0=x), (1) 
(Vx,y,z2€E X)(x<y > x¥zZ< yz, zey <Zz*x), (2) 
(Vx,y,z € X)((x*xy)*z = (x*z)*y), (3) 
(Vx,y,z € X) ((x*z) * (y*z) < xy), (4) 


where x < y if and only if x * y = 0. A nonempty subset S of a BCK/BCI-algebra X is called a 
subalgebra of X ifx xy € S for all x,y € S. A subset I of a BCK/BCI-algebra X is called an ideal of X if 
it satisfies the following: 


OE, (5) 
(Vayex)aeyeLyelio xed). (6) 


We refer the reader to the books [13] and [14] for further information regarding 
BCK/BCI-algebras. 
For any family {a; | i € A} of real numbers, we define 


\V{a; |i € A} = sup{a; |i € A} 
and 
/\{ai | i € A} = inf{a; | i € A}. 
If A = {1,2}, we also use a1 V az and a; A ap instead of \/{a; |i € {1,2}} and A{a; |i € {1,2}}, 


respectively. 
We let X be a nonempty set. A NS in X (see [1]) is a structure of the form 


A := {(x;Ar(x), Ar(x), Ag(x)) | x € X}, 
where Ar : X — [0,1] is a truth membership function, A; : X — [0,1] is an indeterminate membership 
function, and Ar : X — [0,1] is a false membership function. For the sake of simplicity, we use the 


symbol A = (Ar, A;, Af) for the NS 


A:= {(x;Ar(x), Ar(x), Ag(x)) | x © X}. 
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A subset A of a BCK/BCI-algebra X is said to be S-energetic (see [8]) if it satisfies 
(Vx,yEe X)(xxyEA => {x,y} NAF). (7) 
A subset A of a BCK/BCI-algebra X is said to be I-energetic (see [8]) if it satisfies 
(Vx,yEX)(yEeA => {x,yxx} NAF). (8) 
A subset A of a BCK/BCI-algebra X is said to be right vanished (see [8]) if it satisfies 
(Vx,yeE X)(xeyEA > xEA). (9) 


A subset A of a BCK/BCI-algebra X is said to be right stable (see [8]) if Ax X := {axx|ae€ 
A,xEX}CA. 


3. Neutrosophic Permeable Values 


GivenaNS A = (Ar, Ay, Af) ina set X,a, B € (0,1] and y € [0,1), we consider the following sets: 


(A;a)* = {x EX | Ar(x) > a}, 
Ur (A; B) = {x € X | Ar(x) = B}, Ur (A; B)* = {x € X | Ar(x) > B}, 
7 (A; 7)" = {x € X | Ar(x) < 7}, 

A;«)* ={xeEX| Ar(x) < a}, 
A; B)" = {x € X | Ar(x) < B}, 
Avy)* = {x €X | Ap(x) > 7}: 


We say US (A; a), UF (A; B), and Us (A; 7) are upper neutrosophic €@-subsets of X, and L5(A;«), 
L¥ (A; B), and L5(A; 7) are lower neutrosophic €@-subsets of X, where ® € {T,I,F}. We say UF(A;«)*, 
UF; (A; B)*, and Us (A;7)* are strong upper neutrosophic €q-subsets of X, and L7(A;a)*, LF (A; B)*, 
and L&(A;7)* are strong lower neutrosophic €@-subsets of X, where ® € {T, I, F}. 


Definition 1 ([7]). A NS A = (Ar, Ay, Ag) in a BCK/BCI-algebra X is called an (€, €)- 
neutrosophic subalgebra of X if the following assertions are valid: 


x €UF(Ajax), y € UE(Asay) > x¥y CUF(As ax A dy), 
x € Up (A; Bx), y € Up (A; By) = x*y © UP (A; Bx A By), (10) 
x € Up (A; Ix), ¥ € Up (Aiy) > x¥y © Up (As 7x V Vy), 


for all x,y € X, ox, Xy, Bx, By € (0,1) and 7x, Vy € (0,1). 


Lemma 1 ([7]). A NS A = (Ar, Ay, Af) ina BCK/BCI-algebra X is an (€, €)-neutrosophic subalgebra of 
X if and only if A = (Ar, Aj, Af) satisfies 


Ar(x*y) > Ar(x) A Ary) 
(vx,y eX) | Ar(x*xy) > Ar(x) A Ar(y) F (11) 
Ar(x*y) < Ag(x) V Ag(y) 


Proposition 1. Every (€, €)-neutrosophic subalgebra A = (Ar, Aj, Af) of a BCK/BCI-algebra X satisfies 


(Vx € X) (Ar(0) 2 Ar(x), Ar(0) 2 Ar(x), Ar(O) < Ar(x)). (12) 
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Proof. Straightforward. 


Theorem 1. If A = (A7z, Ay, Af) is an (€, €)-neutrosophic subalgebra of a BCK/BCI-algebra X, then the 
lower neutrosophic €@-subsets of X are S-energetic subsets of X, where ® € {T, I, F}. 


Proof. Let x,y € X and a € (0,1] be such that x « y € L7(A;a). Then 

a> Ar(x*y) > Ar(x) AAr(y), 
and thus A7(x) < # or Ar(y) < a; that is, x € LS(A;«) or y € L¢(A;a). Thus {x,y} NLS(A;a) 4 ©. 
Therefore L5 (A; «) is an S-energetic subset of X. Similarly, we can verify that LF (A; B) is an S-energetic 
subset of X. We let x,y € X and y € (0,1) be such that x * y € LF (A; 7). Then 


y < Ag(x*y) < Ag(x) V Ar(y). 


It follows that Ar(x) > y or Ag(y) > 7; that is, x € LE(A;7) or y € L5(A;7). Hence {x,y} 
L(A; 7) # @, and therefore LF (A; 7) is an S-energetic subset of X. 


Corollary 1. If A = (Az, Ay, Af) is an (€, €)-neutrosophic subalgebra of a BCK/ BCI-algebra X, then the 
strong lower neutrosophic €@-subsets of X are S-energetic subsets of X, where ® € {T, I, F}. 


Proof. Straightforward. 


The converse of Theorem 1 is not true, as seen in the following example. 


Example 1. Consider a BCK-algebra X = {0,1,2,3,4} with the binary operation * that is given in Table 1 
(see [14]). 


“on 


Table 1. Cayley table for the binary operation “*”. 


PwWNrF CO] * 
PwWNr O]O 
PNrFR COs 
rPrROoOCOIN 
rPoocoow 
CONF OOF 


Let A = (Ar, Ay, Ag) be a NS in X that is given in Table 2. 


Table 2. Tabulation representation of A = (Ar, Ay, Af). 


xX Ar(x) A(x) Ar(x) 
0 0.6 0.8 0.2 
1 0.4 0.5 0.7 
2 0.4 0.5 0.6 
3 0.4 0.5 0.5 
4 0.7 0.8 0.2 


If « € [0.4,0.6), B € [0.5,0.8), and y € (0.2,0.5], then L5(A;a) = {1,2,3}, LF (A; B) = {1,2,3}, 
and L&(A;7) = {1,2,3} are S-energetic subsets of X. Because 


Ar(4*4) — Ar(0) = 0.6 z 0.7 = Ar(4) /\ Ar(4) 
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and/or 
Ap(3 *2) = Ar(1) = 0.7 £ 0.6 = Af(3) V Ap(2), 
it follows from Lemma 1 that A = (Ar, Aj, Af) is not an (€, €)-neutrosophic subalgebra of X. 


Definition 2. Let A = (Ar, Ay, Ar) bea NS ina BCK/BCI-algebra X and (a,B,y) € Ar x Ar x Ag, 
where Ar, A;, and Ag are subsets of [0,1]. Then (a, B,7) is called a neutrosophic permeable S-value for 
A = (Ar, Ay, Af) if the following assertion is valid: 


x*xy CUF(A;a) > Ar(x)VAr(y) > 4, 
(Vx,y eX) | x*y ©UF(A;B) > Ar(x)V Ary) = B, (13) 
x*xy CUB(A;Y) => Af(x) \AF(y) < 


Example 2. Let X = {0,1,2,3,4} bea set with the binary operation * that is given in Table 3. 


“on 


Table 3. Cayley table for the binary operation “*”. 


mwoNF OC} * 
BPwONF OO 
BwON OC O|- 
Bmw Or OC|N 
BPoONr O|wW 
CoWNOCO OF 


Then (X, *,0) is a BCK-algebra (see [14]). Let A = (Ar, Aj, Ag) bea NS in X that is given in Table 4. 


Table 4. Tabulation representation of A = (Ar, Ay, Ar). 


xX Ar(x) A] (x) Ar(x) 
0 0.2 0.3 0.7 
1 0.6 0.4 0.6 
2 0.5 0.3 0.4 
3 0.4 0.8 0.5 
4 0.7 0.6 0.2 


It is routine to verify that (a, B,y) € (0,2,1] x (0.3,1] x [0,0.7) is a neutrosophic permeable S-value for 
A= (Ar, AL, Af). 


Theorem 2. Let A = (Ar, Ay, Af) be a NS ina BCK/BCI-algebra X and («,B,y) € Ar x Ay X Ag, 
where Ar, Az, and Arg are subsets of [0,1]. If A = (Ar, Ar, Af) satisfies the following condition: 


Ar(x*y) < Ar(x) V Arty) 
(Vx,y eX) | Ar(xx*xy) < Az(x) V Ar(y) ; (14) 
Ar(x*y) = Ag(x) A Ag(y) 


then (x, B, y) is a neutrosophic permeable S-value for A = (Ar, Aj, Af). 
Proof. Let x,y € X be such that x * y € UF(A;a). Then 


a<Ar(x*y) < Ar(x) V Ar(y). 
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Similarly, if x * y € UF (A; B) for x,y € X, then A;(x) V A;(y) => B. Now, let a,b € X be such that 
axb © Us(A;7). Then 


y= Ag(a *b) > Ag(a) A Arg(b). 


Therefore (a, B, y) is a neutrosophic permeable S-value for A = (Ar, Ay, Ar). 


Theorem 3. Let A = (Ar, A1, Ap) bea NS ina BCK-algebra X and (a, B,y) € Ar x Ay xX Ag, where Ar, 
Ay, and Ag are subsets of [0,1]. If A = (Ar, Az, Af) satisfies the following conditions: 


(Vx € X) (Ar(0) < Ar(x),A1(0) < Ai(x), Ar(0) = Ar(x)) (15) 


and 


Ar(x) < Ar(x*y) V Arly) 
(Vx,y € X) Ar(x) Ar(x xy) V Ar(y) ; (16) 


< 
Ap(x) > Ag(x*y) A Ag(y) 


then (a, B, y) is a neutrosophic permeable S-value for A = (Ar, Aj, Af). 
Proof. Let x,y,a,b,u,v € X be such that x * y € UF(A;a),a*b € UF (A;B), and u*v € Us(A;7). Then 


a<Ar(xxy) < Ar((x*y) *x) V Ar(x) 
= Ar((x *x) *y) V Ar(x) = Ar(O*y) V Ar(x) 
= Ar(0) V Ar(x) = Ar(x), 
B <Ar(axb) < Ay((a*b) *a) V Aj(a) 
= Ar((a*a) *b) V Ay(a) = Az(0*b) V Az(a) 
= A,(0) V A; (a) = Az(a), 


and 
y > Ag(uxv) > Ap((uxv) xu) A Ap(u) 
= Ap((u*u) *v) A Ag(u) = Ag(0*v) A Ag(v) 
= Ar(0) A Ag(v) = Ag(v) 


by Equations (3), (V), (15), and (16). It follows that 


Ar(x) V Ar(y) = Ar(x) > 4, 
A;(a) V Aj(b) = Ar(a) = B, 
Ag(u) A Ag(v) < Ar(u) < 7. 


Therefore (a, 6, y) is a neutrosophic permeable S-value for A = (Ar, Ay, Ar). 


Theorem 4. Let A = (Ar, Ay, Af) be a NS ina BCK/BCI-algebra X and (a,B,y) € Ar x Ay X Ag, 
where Ar, A;,and Ag are subsets of [0,1]. If (a, B, y) is a neutrosophic permeable S-value for A = (Ar, A, 
Af), then upper neutrosophic €@-subsets of X are S-energetic where ® € {T, I, F}. 
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Proof. Let x,y,a,b,u,v € X be such that x xy € UF(A;a),a*b € UF(A;B), and u*v € UF(A;7). 
Using Equation (13), we have Ar(x) V Ar(y) > a, Ay(a) V A;(b) > B, and Ag(u) A Ag(v) < ¥ 
It follows that 

Ar(x) > aor Ar(y) > a, that is, x € UF (A;«) or y € UF (A; a); 

Aj(a) > Bor A;(b) > B, that is,a € UF (A; B) or b € UF (A; B); 


and 
Ag(u) < yor Ag(v) < 7, that is, u € US (A; 7) or v € Us (A;7). 


Hence {x,y} NUE(A;a) A @, {a,b} NUF(A;B) FA @, and {u,v} NUF(A;y) F @. 
Therefore UF (A; «), UF (A; B), and UF (A; 7) are S-energetic subsets of X. 


Definition 3. Let A = (Ar, Ay, Ag) bea NS ina BCK/BCI-algebra X and (a,B,y) € Ar x Ay X Ag, 
where Ar, Az, and Af are subsets of [0,1]. Then (a, B,y) is called a neutrosophic anti-permeable S-value for 
A = (Ar, Az, Ag) if the following assertion is valid: 


xxy €LS(Aj;a) > Ar(x)AAr(y) <a, 
(Vx,y eX) | x*xyELF(A;B) > Ar(x) NAY) SB, |- (17) 
xey © LE(A;y) => Ag(x) V Ary) > 7 


Example 3. Let X = {0,1,2,3,4} bea set with the binary operation * that is given in Table 5. 


“on 


Table 5. Cayley table for the binary operation “*”. 


RWONFO « 
RwoONFR OO 
RwOROdoF- 
RwWOOdCN 
RONROlW 
oCoNcooe, 


Then (X, *,0) is a BCK-algebra (see [14]). Let A = (Ar, Aj, Ag) bea NS in X that is given in Table 6. 


Table 6. Tabulation representation of A = (Ar, Ay, Ar). 


xX Ar(x) AI (x) Ar(x) 
0 0.7 0.6 0.4 
1 0.4 0.5 0.6 
2 0.4 0.5 0.6 
3 0.5 0.2 0.7 
4 0.3 0.3 0.9 


It is routine to verify that («, B, vy) € (0.3,1] x (0.2, 1] x [0,0.9) is a neutrosophic anti-permeable S-value 
for A= (Ar, AL, Af). 


Theorem 5. Let A = (Ar, Ay, Af) be a NS ina BCK/BCI-algebra X and («,B,y) € Ar x Ay X Ag, 
where Ar, Ay, and Ag are subsets of [0,1]. If A = (Az, Ay, Af) is an (€, €)-neutrosophic subalgebra of X, 
then («, B, y) is a neutrosophic anti-permeable S-value for A = (At, Aj, Af). 
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Proof. Let x,y,a,b,u,v € X be such that x * y € LE(A;a),a*b € LF(A;B), and u*v € LE(A;7). 
Using Lemma 1, we have 


Ar(x) \Ar(y) < Ar(x*y) <4, 
Ay;(a) A A;(b) <A r(a*b) <6 
Ar(u) V Af(v) >= Ap(uxo) > 7, 


and thus (a, 6, 7) is a neutrosophic anti-permeable S-value for A = (Ar, Ay, Ap). 


Theorem 6. Let A = (Ar, Ay, Af) be a NS ina BCK/BCI-algebra X and (w,B,y) € Ar x A; x Ag, 
where Ar, Az, and Arg are subsets of [0,1]. If (a, B, y) is a neutrosophic anti-permeable S-value for A = (Ar, 
A,, Ag), then lower neutrosophic €@-subsets of X are S-energetic where ® € {T, I, F}. 


Proof. Let x,y,a,b,u,v € X be such that x *y € L5(A;a),a*b € LF(A;B), and uxv € L5(A;7). 
Using Equation (17), we have Ar(x) A Ar(y) < a, Ay(a) \ Ay(b) < B, and Ag(u) V Ag(v) > 7, 
which imply that 

Ar(x) < wor Ar(y) < a, that is, x € LF(A;a) or y € LF(A; a); 

A1(a) < Bor A;(b) < B, that is, a € LF (A; B) or b € LF (A; 8); 


and 
Ag(u) > yor Ag(v) > 7, that is, u € L(A; 7) or v € LE(A;7). 


Hence {x,y} MLF(A;a) # @, {a,b} NLF(A;B) A @, and {u,v} NLE(A;y) F# @. 
Therefore LF (A;«), LF (A; B), and L5(A;7) are S-energetic subsets of X. 


Definition 4. A NS A = (Ar, Ay, Af) ina BCK/BCI-algebra X is called an (€, €)- neutrosophic ideal of 
X if the following assertions are valid: 


x €UF(A;x) > 0€ UF(A;a) 


(vx EX) | xe UF(A;B) > OE UF(A;B) |, (18) 
we UR (Ary) = 06 Us Ary) 
xxy €UF(A;ax), y € UF(Ajay) > x © UF (Ajax Nay) 
(Vx,y © X) | x*y €CUF(A; Bx), y € UF (A; By) > x CUF(A; Bx A By) |, (19) 
x*y €US(A; x), y € US(A;Yy) > x € Us(AsYx V Vy) 


for all x, B, ex, Xy, Bx, By € (0,1) and y,¥x, Vy € (0,1). 


Theorem 7. A NS A = (Az, A], Ag) ina BCK/BCI-algebra X is an (€, €)-neutrosophic ideal of X if and 
only if A = (Art, At, Ag) satisfies 


Ar(0) > Ar(x) = Ar(x*y) A Ar(y) 
(Vx,y © X) | Az(0) > Ar(x) > Ar(x xy) A Ar(y) : (20) 
Ar(0) < Ag(x) < Ap(x *y) V Az(y) 


Proof. Assume that Equation (20) is valid, and let x € UF (A; a), a € UF(A;B), and u € Us(A;7) 
for any x,a,u € X,a,B € (0,1) and y € (0,1). Then Ar(0) > Ar(x) >a, A;(0) > A;(a) > B, 
and Af(0) < Af(u) < y. Hence 0 € UF(A;a),0 € UF(A;B), and 0 € Us(A;7), and thus 
Equation (18) is valid. Let x,y,a,b,u,v € X be such that x*y € UF(A;ax), y € UF(A;ay), 
axb € UF(A; Ba), b € UF (A; Bp), uxv © Us(A; Yu), and v € UF(A; 7) for all wx, Hy, Ba, By € (0,1) 
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and Yu,Yv € [0,1). Then Ar(x *y) > ax, Ar(y) > ay, Ar(a*b) > Ba, Ar(b) > By, Ar(u*v) < Yu, 
and Ar(v) < 7. It follows from Equation (20) that 


Ar(x) > Ar(x*y) A Ar(y) = 
Aj(a) = Aj(a*b) A Aj(b) = Ba Bo, 
Ag(u) < Ap(uxv)V Ag(v) < Yu V V- 


ay Xy, 


Hence x € UF (A; ax Ady), a © UF (A; Ba A Bp), and u € UE (A; Yu V Yo). Therefore A = (Ar, Ar, 
Af) is an (€, €)-neutrosophic ideal of X. 

Conversely, let A = (Ar, Ai, Af) be an (€, €)-neutrosophic ideal of X. If there exists x9 € X 
such that Ar(0) < Ar(xo), then x9 € UF(A;a) and 0 ¢ UF(A;«), where a = Ar(xq). This is a 
contradiction, and thus Ar(0) > Ar(x) for all x € X. Assume that Ar(xo) < Ar(xo * yo) A Ar(yo) for 
some X9, yo € X. Taking # := Ar(x9 * yo) \ Ar(Yyo) implies that xo * yo € UF (A;«) and yo € UF (A; 4a); 
but x9 ¢ UF(A;a). This is a contradiction, and thus Ar(x) > Ar(x*y) A Ar(y) for all x,y € X. 
Similarly, we can verify that A;(0) > Aj;(x) > A;(x*y) A A;(y) for all x,y € X. Now, suppose 
that Af(0) > Ar(a) for some a € X. Thena € Us (A;7) and 0 ¢ UF (A;7) by taking y = Ar(a). 
This is impossible, and thus Arg(0) < Ag(x) for all x € X. Suppose there exist ag,by9 € X such 
that Ar(a9) > Ar(ao * bo) V Ar(bo), and take y := Ap(ag * bg) V Ar(bo). Then ag * bo € UF(A;7), 
bo € Up (A; 7), and ap ¢ Us (A; 7), which is a contradiction. Thus Ar(x) < Af(x *y) V Ar(y) for all 
x,y € X. Therefore A = (Ar, Aj, Af) satisfies Equation (20). 


Lemma 2. Every (€, €)-neutrosophic ideal A = (Ar, Aj, Af) of a BCK/BCI-algebra X satisfies 
(Vx,y € X) (x Sy = Ar(x) 2 Ary), Ar(x) 2 Arly), Ar(x) S Ar(y))- (21) 
Proof. Let x,y € X be such that x < y. Then x * y = 0, and thus 


Ar(x) = Ar(x*y) AAr(y) = Ar(0) AAr(y) = Arty), 
Aj(x) = Ay(x*y) A Ary) = Az(0) A Ar(y) = Ally), 
Ag(x) < Ar(x*y) V Ar(y) = Ar(0) V Ar(y) = Ar(y), 


by Equation (20). This completes the proof. 


Theorem 8. A NS A = (Az, Ay, Af) ina BCK-algebra X is an (€, €)-neutrosophic ideal of X if and only if 
A = (Ar, Ar, Ag) satisfies 


Ar(x) 2 Ar(y) A Ar(z) 
(Vx,y,zEX)| xxy<z=>q Arz(x) > Ar(y) A Ar(z) (22) 
Ar(x) S Ar(y) V Ar(z) 


Proof. Let A = (Ar, Aj, Af) be an (€, €)-neutrosophic ideal of X, and let x,y,z € X be such that 
x*y <z. Using Theorem 7 and Lemma 2, we have 


Ar(x) = Ar(x*y) AAr(y) = Arly) AAr(z), 
1(x) = Ar(x*y) A Ary) = Ar(y) A Ar(2), 


A 
Ar(x) S Ar(x*y) V Ary) < Ar(y) V Ar(z). 
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Conversely, assume that A = (Az, A;, Af) satisfies Equation (22). Because 0 * x < x forall x € X, 
it follows from Equation (22) that 


Ar(0) > Ar(x) x Ar(x) = Ar(x), 
A;(0) > Ayt(x) A A(x) = Aj(x), 
Ar(0) < Ap(x) V Ar(x) = Ar(x), 


for all x € X. Because x * (x * y) < y for all x,y € X, we have 


Ar(x) > Ar(x*y) AAr(y), 
Aj (x) = Ar(x *y) A Arly), 
Af(x) < Ar(x*y) V AF(y), 


for all x,y € X by Equation (22). It follows from Theorem 7 that A = (Ar, Ay, Af) is an 
(€, €)-neutrosophic ideal of X. 


Theorem 9. If A = (Ar7, Az, Af) is an (€, €)-neutrosophic ideal of a BCK/ BCI-algebra X, then the lower 
neutrosophic €@-subsets of X are I-energetic subsets of X where ® € {T, 1, F}. 


Proof. Let x,a,u € X,a,B € (0,1], and y € [0,1) be such that x € L5(A;«), a € LF(A;8), 
and u € L&(A;7). Using Theorem 7, we have 


= Ar(x*y) A Ary), 
p > Ay(a) > Ay(a * b) A Aj(b), 
YS Ar(u) < Ar(uxv) V Ap(v), 


for all y,b,v € X. It follows that 


Ar(x*y) < aor Ar(y) < a, that is, x « y € LF(A;a) or y € LF(A;a); 
A;(a*xb) < Bor A;(b) < B, thatis, a*b € L(A; B) or b € LF(A; 8B); 


and 
Ap(uxv) > yor Ap(v) > 7, that is, ux 0 € LE(A;7) or v € LF(A;7). 


Hence {y,x * y} NL5(A;a), {b,a * b} NLF(A;B), and {v,u * v} NM LE(A;7) are nonempty, 
and therefore L5(A;«), LF (A; B) and LF (A; 7) are I-energetic subsets of X. 


Corollary 2. If A = (Ar, A, Af) is an (€, €)-neutrosophic ideal of a BCK/BCI-algebra X, then the strong 
lower neutrosophic €@-subsets of X are I-energetic subsets of X where ® € {T, I, F}. 


Proof. Straightforward. 


Theorem 10. Let (a, B, 7) € Ar x Ay x Ag, where Ar, Ay, and Ag are subsets of [0,1]. If A = (Ar, Ar, 
Af) isan (€, €)-neutrosophic ideal of a BCK-algebra X, then 


(1) the (strong) upper neutrosophic €-subsets of X are right stable where ® € {T, 1, F}; 
(2) the (strong) lower neutrosophic €-subsets of X are right vanished where ® € {T, I, F}. 


Proof. (1) Let x € X,a € UF(A;a),b € UF(A;B), and c € UF(A;7). Then Ar(a) > a, Ay(b) = B, 
and Ar(c) < y. Becausea*xx <a,b*x < b,andcx*x < c, it follows from Lemma 2 that Ar(a * 
x) > Ar(a) > a, Ay(b*xx) > A;(b) > B, and Ap(c*x) < Ag(c) < 7; that is, a*x € Us (A;«), 
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bxx € UF(A;B),andc*x € Us (A;7). Hence the upper neutrosophic €g-subsets of X are right stable 
where ® € {T, I, F}. Similarly, the strong upper neutrosophic €g-subsets of X are right stable where 
@e {TF}. 

(2) Assume that x * y € L5(A;a),a*b € LF (A; B),andc*d € L5(A;7) for any x,y,a,b,c,d € X. 
Then Ar(x *y) < a, Ay(axb) < B, and Ag(cxd) > y. Because x*xy < x,a*b < a, 
and c*d < c, it follows from Lemma 2 that a > Ar(x*y) > Ar(x), B > Ar(a*b) > Aj(a), 
and y < Ag(c*d) < Ar(c); thatis, x € LF(A;«),a € LF (A; B),andc € L5(A;7). Therefore the lower 
neutrosophic €@-subsets of X are right vanished where ® € {T,I,F}. Ina similar way, we know that 
the strong lower neutrosophic €g-subsets of X are right vanished where ® € {T, I, F}. 


Definition 5. Let A = (Ar, Aj, Ar) bea NS ina BCK/BCI-algebra X and (a,B,y) € Ar x Ar x Ag, 
where Ar, Aj, and Ar are subsets of [0,1]. Then (a,B,7) is called a neutrosophic permeable I-value for 
A = (Ar, Ay, Af) if the following assertion is valid: 


x €US(A;a) > Ar(x*y)V Ary) > 4, 
(Vx,y eX) | x CUF(A;B) > Ar(x*y)VA(y)>B, |. (23) 
x €US(A;y) > Ag(x*y)AAr(y) < 


Example 4. (1) In Example 2, («, B, y) is a neutrosophic permeable I-value for A = (Ar, Aj, Af). 
(2) Consider a BCI-algebra X = {0,1,a,b,c} with the binary operation * that is given in Table 7 (see [14]). 


“on 


Table 7. Cayley table for the binary operation “*”. 


a Fa RPO * 
ara roo 
ora CO} 
SFaon ale 
aoncvos#w 
Oona Fan ata 


Let A = (Ar, Aj, Af) be a NS in X that is given in Table 8. 


Table 8. Tabulation representation of A = (Ar, Ay, Af). 


xX Ar(x) A1(x) Ar(x) 
0 0.33 0.38 0.77 
1 0.44 0.48 0.66 
a 0.55 0.68 0.44 
b 0.66 0.58 0.44 
Cc 0.66 0.68 0.55 


It is routine to check that («, B,y) € (0.33, 1] x (0.38, 1] x [0,0.77) is a neutrosophic permeable I-value 
for A= (Ar, Al, Arf). 


Lemma 3. Ifa NS A = (Ar, Aj, Af) ina BCK/BCI-algebra X satisfies the condition of Equation (14), then 


(Vx € X) (Ar(0) < Ar(x), Ar(O) < Ar(x), Ar(O) 2 Ar(x)). (24) 


Proof. Straightforward. 


Theorem 11. Ifa NS A = (Az, Ay, Ag) in a BCK-algebra X satisfies the condition of Equation (14), 
then every neutrosophic permeable I-value for A = (Ar, Aj, Af) is a neutrosophic permeable S-value for 
A = (Ar, Ay Ap). 
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Proof. Let (a, 6, y) be a neutrosophic permeable I-value for A = (Ar, Ay, Af). Let x,y,a,b,u,v € X 
be such that x * y € UF(A;«),a*b € UF(A;B),and u*v € Us (A;7). It follows from Equations (23), 
(3), (II), and (V) and Lemma 3 that 


a <Ar((x*y) * x) V Ar(x) = Ar((x* x) *y) V Ar (x) 
= Ar(0 *y) V Ar(x) = Ar(0) V Ar(x) = Ar(x), 
B < Ar((a*b) xa) V Ay(a) = Ay((a* a) *b) V Ay(a) 


= A,(0 * b) V Ay(a) = A;,(0) V Ay;(a) = Ay(a), 


and 
y > Ag((uxv) xu) A Ap(u) = Ap((uxu) *v) A Ap(u) 
= Ap(0*v) A Ap(u) = Ap(0) A Ar(u) = Ar(u). 


Hence Ar(x) V Ar(y) = Ar(x) = X, Ay;(a) V Ay(b) e Ay,(a) = B, 
and Ar(u) \ Ar(v) < Af(u) < y. Therefore (a,f,7) is a neutrosophic permeable S-value for 
A = (Ar, Ar, Ag). 


Given a NS A = (Ar, Aj, Af) ina BCK/BCI-algebra X, any upper neutrosophic €g-subsets of 
X may not be I-energetic where ® € {T, I, F}, as seen in the following example. 


Example 5. Consider a BCK-algebra X = {0,1,2,3,4} with the binary operation « that is given in Table 9 
(see [14]). 


“on 


Table 9. Cayley table for the binary operation “*”. 


PwONF COC! * 
mwWNF Oo] oO 
NRPrR OCs 
rPrROoOCOIN 
NOrRCcCCW 
ooo 0 Oo] + 


Let A = (At, Ar, Ag) be a NS in X that is given in Table 10. 


Table 10. Tabulation representation of A = (Ar, Ay, Ar). 


xX Ar(x) Az(x) Ap(x) 
0 0.75 0.73 0.34 
1 0.53 0.45 0.58 
2 0.67 0.86 0.34 
3 0.53 0.56 0.58 
4 0.46 0.56 0.66 


Then UF (A;0.6) = {0,2}, UF (A;0.7) = {0,2}, and UZ(A;0.4) = {0,2}. Because 2 € {0,2} and 
{1,2* 1} {0,2} = ©, we know that {0,2} is not an I-energetic subset of X. 


We now provide conditions for the upper neutrosophic €@-subsets to be I-energetic where 
® € {T,1,F}. 


Theorem 12. Let A = (Ar, Ay, Ag) be a NS ina BCK/BCI-algebra X and («,B,y) € Ar x Ay x Ag, 
where Ar, A;,and Ag are subsets of [0,1]. If («, B, 7) is a neutrosophic permeable I-value for A = (Ar, Ar, 
Af), then the upper neutrosophic €@-subsets of X are I-energetic subsets of X where ® € {T,I,F}. 
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Proof. Let x,a,u € X and (a, B,y) € Ar x A; x Ag, where Ar, Ay, and Az are subsets of [0,1] such 
that x € UF(A;a),a € UF(A;B), and u € Us(A;7). Because (a, 6,7) is a neutrosophic permeable 
I-value for A = (Ar, Aj, Af), it follows from Equation (23) that 


Ar(x*y) VAr(y) = a, Ay(a*b) V Ay(b) > B,and Ap(ux*xv) A Ag(v) < 
for all y,b,v € X. Hence 
Ar(x*y) > aor Ar(y) > a, that is, x * y € UF(A;«) or y € UF (Aja); 
A;(a*b) > Bor A;(b) > B, that is, a *b € UF (A;B) orb € UF (A; 8B); 


and 
Ar(ux*v) < yor Ag(v) < 7, that is, ux v € Us (A; 7) or v € Us (A;7). 


Hence {y,x * y} U5(A;a), {b,a * b} NUF(A;B), and {v,u * v} N Us(A;7) are nonempty, 
and therefore the upper neutrosophic €@-subsets of X are I-energetic subsets of X where 
@e{T,1,F}. 


Theorem 13. Let A = (Ar, A;, Af) be a NS ina BCK/BCI-algebra X and («,B,y) € Ar x Ay xX Ag, 
where Ar, Ay, and Ag are subsets of {0,1]. If A = (Ar, Ay, Af) satisfies the following condition: 


Ar(x) < Ar(x*y) V Ar(y) 
(Vx,yeEX) | A(x) < Ar(xxy) VAY) |, (25) 
Ag(x) > Ag(x*y) A Ag(y) 


Proof. Let x,a,u € X and (a, B,y) € Ar x A; x Ag, where Ar, Ay, and Af are subsets of [0,1] such 
that x € UF(A;a),a € UF (A;B), and u € UF (A; 7). Using Equation (25), we obtain 


a < A(x) < Ar(x*y) V Ary), 
B < Aj(a) < Aj(a*b) V Aj(b), 
y = Ag(u) = Ag(u*v) A Af(v), 


for all y,b,v € X. Therefore (a, 6, y) is a neutrosophic permeable I-value for A = (Ar, Ay, Ap). 


= 
2 


Combining Theorems 12 and 13, we have the following corollary. 


Corollary 3. Let A = (Art, Ay, Ar) bea NS ina BCK/BClI-algebra X and («,B,y) € Ar x Ay x Ag, 
where Ar, A,, and Ag are subsets of [0,1]. If A = (Ar, Ay, Ag) satisfies the condition of Equation (25), 
then the upper neutrosophic €@-subsets of X are I-energetic subsets of X where ® € {T, I, F}. 


Definition 6. Let A = (Ar, Ay, Ar) bea NS ina BCK/BCI-algebra X and (a,B,y) € Ar x Ar x Ag, 
where Ar, Az,and Ar are subsets of {0,1]. Then («, B, 7) is called a neutrosophic anti-permeable I-value for 
A = (Ar, Ay, Af) if the following assertion is valid: 


x ELS(A;a) > Ar(x*y)AAr(y) <a, 
(Vx,y © X)| x ELF(A;B) > Ar(x*xy)AAr(y) <B, |. (26) 
x ELE(A;y) => Ag(x*y) VArly) > 7 
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Theorem 14. Let A = (Ar, Ay, Ag) be a NS ina BCK/BCI-algebra X and (w,B,y) € Ar x Ay X Ag, 
where Ar, A,, and Ag are subsets of [0,1]. If A = (Ar, Ay, Ag) satisfies the condition of Equation (19), 
then (x, B, y) is a neutrosophic anti-permeable I-value for A = (Ar, Aj, Ar). 


Proof. Let x,a,u € X be such that x € L5(A;«),a € L(A; 6), and u € L5(A;7). Then 


Ar(x*xy) AAr(y) < Ar(x) < @, 
Aj(a*b) A Ar(b) < Ar(a) < B, 

Ag(uxv)V Ag(v) > Ag(u) > 7, 

for all y,b,v € X by Equation (20). Hence (a,B,7) is a neutrosophic anti-permeable I-value for 
A= (Ar, A, Ap). 


Theorem 15. Let A = (Ar, Ay, Ag) be a NS ina BCK/BCI-algebra X and (a,B,y) € Ar x Ay x Ag, 
where Ar, Az, and Ag are subsets of {0,1]. If («, B, y) is a neutrosophic anti-permeable I-value for A = (Ar, 
A,, Af), then the lower neutrosophic €@-subsets of X are I-energetic where ® € {T, 1, F}. 


Proof. Let x € L7(A;a),a € LF(A;B), and u € L§(A;7). Then Ar(x *y) A Ar(y) < a, Ar(a*b) A 
A,(b) < B, and Ag(u*v) V Ag(v) > ¥ for all y,b,v € X by Equation (26). It follows that 


Ar(x*y) < aor Ar(y) < a, that is, x *y € LF(A;a@) or y € LF(A;a); 
A;(a*b) < Bor A;(b) < B, that is, a*b € LF (A; B) or b € LF (A; 8); 


and 
Ap(uxv) > yor Ag(v) > 7, that is, ux v € L5(A;7) or v € LE(A;7). 


Hence {y,x * y} ON LF(A;a), {b,a * b} OM LF(A;B) and {v,u * v} NLE(A;¥) are nonempty, 
and therefore the lower neutrosophic €@-subsets of X are I-energetic where ® € {T, I, F}. 


Combining Theorems 14 and 15, we obtain the following corollary. 


Corollary 4. Let A = (Ar, Ay, Af) be a NS ina BCK/BClI-algebra X and («,B,y) € Ar x A; x Ag, 
where Ar, Ay, and Ar are subsets of {0,1]. If A = (Ar, Ar, Af) satisfies the condition of Equation (19), 
then the lower neutrosophic €@-subsets of X are I-energetic where ® € {T, I, F}. 


Theorem 16. If A = (Ar, A;, Af) is an (€, €)-neutrosophic subalgebra of a BCK-algebra X, then every 
neutrosophic anti-permeable I-value for A = (Ar, Aj, Ag) is a neutrosophic anti-permeable S-value for 
A = (Ar, Ar, Af). 


Proof. Let (a,f,7) be a neutrosophic anti-permeable I-value for A = (Ar, Aj, Ap). 
Let x, y,a,b,u,v € X be such that x xy € L7(A;a),a*b € LF (A; B), and u*v € L5(A;7). It follows 
from Equations (26), (3), (IID), and (V) and Proposition 1 that 


a> Ar((x*y)*x)AAr(x) = Ar((x* x) xy) A Ar(x) 
= Ar(O*y) A Ar(x) = Ar(0) A Ar(x) = Ar(x), 
B > Ar((a*b) xa) A Ay(a) = Ay((a* a) *b) A Ay(a) 
= Arz(0 * b) /\ Ar(a) = Ajz(0) x Arz(a) = Ar(a), 
and 
y < Ag((ux*v) eu) V Ap(u) = Ap((uxu) *v) V Ap(u) 
= Ag (0 *v)V Af(u) = Af(0) V Af(u) = Af(u). 
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Hence Ar(x) AAr(y) < Ar(x) < «, Ay(a) AAz(b) < Az(a) < B,and Ap(u) V Ag(v) > Apg(u) > ¥. 
Therefore (a, 6, y) is a neutrosophic anti-permeable S-value for A = (Ar, Ay, Af). 


4. Conclusions 


Using the notions of subalgebras and ideals in BCK/BCI-algebras, Jun et al. [8] introduced the 
notions of energetic subsets, right vanished subsets, right stable subsets, and (anti-)permeable values 
in BCK/BCI-algebras, as well as investigated relations between these sets. As a more general platform 
that extends the concepts of classic and fuzzy sets, intuitionistic fuzzy sets, and interval-valued 
(intuitionistic) fuzzy sets, the notion of NS theory has been developed by Smarandache (see [1,2]) and 
has been applied to various parts: pattern recognition, medical diagnosis, decision-making problems, 
and so on (see [3—-6]). In this article, we have introduced the notions of neutrosophic permeable S-values, 
neutrosophic permeable I-values, (€, €)-neutrosophic ideals, neutrosophic anti-permeable S-values, 
and neutrosophic anti-permeable I-values, which are motivated by the idea of subalgebras (s-values) 
and ideals (I-values), and have investigated their properties. We have considered characterizations 
of (€, €)-neutrosophic ideals and have discussed conditions for the lower (upper) neutrosophic 
€-subsets to be S- and I-energetic. We have provided conditions for a triple («, B, y) of numbers to 
be a neutrosophic (anti-)permeable S- or I-value, and have considered conditions for the upper (lower) 
neutrosophic €-subsets to be right stable (right vanished) subsets. We have established relations 
between neutrosophic (anti-)permeable S- and I-values. 
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